Vector Analysis-Outline

1. Definition:
Scalar; symbole, m, example: mass, temperature, potential

vector; symbole, @, example: force, velocity, displacement

2. Notation-Unit vector-rectangular coordinates
Right-hand system

i, 7, k are unit vectors (also written i, j, k)
a =ia; + ja, + ka,
b = iby + jby + kb,

V =iu, + juy + kw,

3. The dot or Scalar Product

= ABcos0

S
Sy

AB = BA (commutative law)

A(B+C) = AB + AC (distributive law)

if A=iA, +jA, +kA,, B=iB,+jB, +kB,
C:@:AmBz+AyBy+AZBZ, |C| = ABcosf
AA=A = A2+ A + A2

BB =B?=B}+B,+B:
4. Cross Product

A, |, |D|=ABsinf
B

where A =1iA, +jA, +kA,, B=iB,+ jB,+kB,



ixXi=gx7=kxk=0,ixj5=k jxk=1i kxi=j

5. Differentiation Fofrmulas

%(Z + B) = % + %
L am) =722+ 5
Laxm=-ax8B, 4,5
LigxTy =022 1 al7
%(ABXC)ZEX %—FZ% C+%B><6
%{AX(BXC)}:AX(EX %) Zx(% x6)+%x
The order in these products may be important.
6. Gradient, Divergence and Curl (Rotation)
The vector differential operator-Del
Define : VE%i+%j+%k:i%+j(%+k%
(The Gradient)
Vo (grads) = (i + 5+ 5 Ko = (5oi+ 500+ S0
Note that V¢ defines a vector field.
(The Divergence)
Let V =Vyi+ Vyj+ Vik
VV = ((%z‘ + a%j + %k)(m +Vyj + V.k)
ov, . oV, . JV,
or ' + Ty] + 0z K

Note that VV # V'V



(The Curl or Rotation)

Let V. =Vyi+ Vyj+ V.k
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Example 1. (Gradiednt)
If ¢ (z, y, z) =32%y — y?22, find V¢ at the point (1, -2, -1).

(Sol.)
_ (9., 0. 9 an 3o
V(ﬁ—(axz—i-ay]—i- 8zk)(3x y—y°z%)
= 6xyi + (322 — 3y?22)j — 292k

At point (1, =2, —1), V¢ = —12i — 95 — 16k

Example 2. (Divergence)
(Sol.) Find V¢if¢ = In|7|.

where ¥ = xi +yj + zk

1
7| = Va2 + 92+ 22, ¢=In|rF| = Eln(:c2 +y2 + 2?)

1 2z 2z 2z
Vo =—-1{1i ' k
¢ 2{1962+y2—|—z2+]:1:2—i-z/2-i-;22Jr x2+y2+z2}

_xityj+zk |7

a4y 422 T2

Example 3. (Divergence)
Given ¢ = 223y22*, find VV¢ (div grade).

(Sol.)

_‘2 3,2 4 ﬁ 3,2 4 2 3,2 4
V¢728$(2wy2)+38y(2wyZ)+aZ(2:vyZ)

= 622y% b + 4aPy2tj + 823y? Pk

0 0 0
VV¢ = %(6x2y224) + @(4m3yz4) + 5(8:10331223)
= 12zy? 2% + 4232 4 24239222

Example 4. (Curl or Rot)
If A =2%yi —2x2j + 2yzk, find curl curl A.



i j k
Vx(VxA=| 2 2 2

¥y —2xz 2yz
=V x {(22 4 22)i — (2 + 22)k}
i J k
= £ % 2 =2(z+1)j
0

2+ 2z —z2 -2z



